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Many-body Basics Parcque

Equilibrivum Hamiltonian § general perturbation

Equilibrivum hamiltonian: Tight-binding description

/IL\I = z:(?(k)ClUCk(7 == Z V,'/ﬁig == Uzﬁifﬁii

ko io i

General perturbation: Normal § anomalous terms

Flext—/d1d2{zna(1,2)c$(1)ca(2) ... conserves charge § spin
+3 [‘ij(l, 2)c,(1)c, (2) + £1(1, 2)cj,(1)cj,(2)} ... changes charge § spin

n [n¢(1, 2)cl(1)e,(2) + (1, 2)@(2)%(1)] ... conserves charge

+ [E4(1.2)e,(1)e,(2) + €5(1,2) e[ ()} (1)] - conserves spin |
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Many-body Basics Parquet equ

Thermodynamics § Greew functions

m Thermody nawmic potential with external sources
(weak non-equilibrivm)

QGOL H = — B L logTr {exp {—ﬁ (P+ Hext — MN) H

wnperturbed 1P Green function GO = [iw, — e(k) — ]
B 1P Greew function

sQ[GO1 H]

. A _1 ~ T / _
Goor (k, K'; 7, 7") = h‘rr{pH T {ckg(r)ck/g,(T )}} = 56(0)_1(k,7; K

m 2P green function

6:(12,34) = v {3 T [3(1)F3)3(4)'92)1] }

= (R177'1)
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Many-body Basics Parquet equ

qreen functions from a renormalized functional

m Renormalized generating functional —- "Legendre transform
of the thermodynamic potential

ol6,H =26V, H - [ 41 (697(1,D)- 671 D) 6(L.1)

B 1P Greew function (equilibrivm)

_ 0%[G,H]
¢"(12) = SH5(2,1)

B 2P Ggreen function (equilibrivm)

) 520G H]
6(13,24) = 3Ha(4,3)0Ha(2, 1)

H=0
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Many-body Basics Parcque

Fundamental relations between 1P § 2P GF

B DYyson equation

50[G, H]

GO741,2) - G1(1,2) = £%(12) = 5, 0.0)

B Schwinger-Dyson equation — projection of Schrbdinger equation

5, (k) = %NEG,(,(/J) 1— 7Zra o (K, K5 G} oK+ G} Coo (K + q)
.

m Bethe-Salpeter equations
M(k,K;q) = N*(k,K;q) — [N*GGOT](k K;q)
m generalized ward idewti,tg (thermoalgwamio oowsistewog)
5T%(1,2)
0G“(4,3)

m SD § Wi hold simultaneously in full exact but none approximate
(even asy mptotioaLLg exact) theory

A*(13,24) =

Viéclav janig 0P AS CR Prague, April 11



Many-body Basics Parquet equations Simplified PE

Bethe- Salpeter equation - electron-hole channel

m Multiple simultaneous scatterings -- electron-hole Ladder

ok ok +q
k+q"

¥q
K ok +q

m Conserving (bosonic) transfer (four) momentrom: k — K
[oor(k K q) = A (K, K q) ZAeh (k,K:q")

X Gy(k+q") Gy (K + 4 )rw,(k+ ' K+q59-q"

m Decomposition of the full vertex: ALl = trreducible U reducible
(diagrams)

eh eh
rm,/ = /\[T(T/ + ’C(To"
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Many-body Basics Parquet equations Simplified PE

Bethe- Salpeter equation - electron-electron channel

B Multiple simultaneous scatterings - electron-electron Ladder

ok ok +q
k+qg—q"

o'k’ o'k’ +q
K +q"
B Conserving (bosonic) transfer (four) momentum: k + K + g
Moo (k K q) = NG5 (K K q) Z/\ee (kK +4q"9—4q")
X Gy(k+q—q")Go (K +q"NWoo(k+q—q".K; q")

m Decomposition of the full vertex: ALl = irreducible U reducible
(diagrams)

Foor = A, + K2,
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Many-body Basics Parquet equations Simplified PE

Bethe- Salpeter equation - vertical channel

B Multiple simultaneous scatterings —- vacuum electron-hole
bubbles (triplet)

ok ok+q
AV,

oo’

T = AU, P Wtq

oo’

o'k o'k +q

m Conserving (bosonic) transfer (four) momentum: q

Foor (K K;q) =AY (K K; q Z AY_ (kK" q)
//k//
X GJ”( )Ga”(k// +q) rrw’(k”y K, q)
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Many-body Basics Parquet equations Simplified PE

Vertex functions -- Parguet approach (two channels)

BS singlet decompositions: [, =N, + K55, = /\g’;, + /Cf,’;,
Fully Lrreductble vertex: 7 = AehnAee
Existence (applica bLLLtg) of the parquet decomposition:

KenKe =0

Parquet reasoning:  a-channel: A* NK* =)

A = NPT = (NP A U (AhnKCee) ¢ Tu Kee
Kee = Keenr = (Kee 8 /\eh) U (,Cee ) ’Ceh) = Keen /\eh
= K C N\°h g \h = T U KCee

m Fundamental pargquet decomposition:

FT=ZUKeUKe =A"UNe\T
:I+’Ceh+Kee:Aee+Aeh_I

Parguet equations: Bethe-Salpeter equations with I replaced by
the fundamental parguet decomposition
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Many-body Basics Parquet equations Simplified PE

Parquet equations —- tntermediate § strong coupling

m Bethe-Salpeter equations
M(k,K;q) = N*(k,K;q) — [N“GGCOT][q](k, K)
n stubititg of solutions of BS equations (o channel)
ming [A*GG]” [q,0](Q“,0) > —1

q - conserving momentum, Q - elgenvector in a-channel

n SiwguLuritg in BS equations of solutions of BS equations
(o chanwnel)

[A*GG]” [q*,01(Q%,0) = —1

B Sywinetry breaking in the strong-coupling regime
(begowd the stguLarﬁtg)

Approximate diagonalization of BS equations
(based on the RPA pole)
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Many-body Basics Parquet equations Simplified PE

simpLLﬁed parguet equations |

m generalization of singlet ee and eh bubbles (U — N)
1 ee
¥(a) = gy Z G1(K)G (g — kA5 (g — k)

¢(q) = /BNZGT )G(q+ KA} (g + k)

™ DeooupLiwg of parquet equations (eh sy mmetrice)

¥(q) Z Gi(qck)kk
5N 1+3NZM%

o) = g Y e e
L 1+3N2k’%

m Bquations prepared to cover possible symmetry breakings
in the strong-coupling regime

Viéclav janig 0P AS CR Prague, April 11



Many-body asics Parquet equations Stwplified PE

simpLLﬁed parguet equations (1

Nowlinear equations with awatgtia structure
stmulating behavior of the full parguet equations

Full 2P vertex

C(kKiq) =N (g+ k+ K)+AS5(q) — U
B U N U
S 149(g+k+K)  1+9(q)

ownly integrable singularities admissible
(due to the parquet 2P seL—f—aows'Lstewcg)

Generalized RPA pole:  ¢(q,0) = —1
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Many-body Basics Parquet equations Simplified PE

Self-energies § 1P self-consistency

which 1P Green functions to use in parquet equations?
How to renormalize 1P propagators bn parguet equations?

m Spectral self-energy from the Schwinger-byson equation

sp v U¢(Q) u
AR =~ G 2 ik it el

x GL(K)Gy(q+K)

Not good in the parquet equations
-- does not reproduce singularities in BS equations
m Thermodynamic self-energy (from ward Ldentity - Linearly)

Yih(k) = Ay (k K;0)G (K) =
() /vZ i | 3N21+wk+k’

To be used in the parguet equations
- reproduces the singularity of the generalized RPA pole
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Disorder Now-local vertices ward Ldentities Asywmptotic solution Results

Model description of scatterings on impurities

Nowninteracting Lattice electrons in a random Lattice (lmpurities) in
tight-binding representation:

HAD = Z I’,‘jC,TCj + Z V,'C}LC,-

<ij> i

Disorder distribution (site independent):
XV, = [ ave(xv)
binary alloy: p(V) = co(V—-A)+(1—-c)o(V+A)
: Averaged free energy (thermodynamics)
— —kBT<In Trexp {—BﬁAg(t;j, \/,-)}>av

Good for thermodynamics and averaged one-electron functions,
no information on transport and d yna mical quantities
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Disorder MFT  Now-local vertices ward Loentities Asymptotic solution Results

Exactly solvable model (thermodg namites) d = 0o

m Limit d = oo — scaled hopping t — t/v/2d

Power counting:  Gjj d_li_”/z, X o g3l
m Thermody namic mean-field (Coherent Potential Approximation)
m Local self-energy:

G(2) = <G_1(Z) +1Z(z) - Vi>av

m Local irveducible and full 2P vertices A\(z1, z2) and y(z1, 22)

X(z1) - X(2)

) = Gl V2) = Az, 22)

Nz, 20) = 11— XNz1,2)6(21)G(22)

only single-site scatterings § 1P functions consistent
No backscatterings and Anderson Localization
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Disorder MFT N

Higher-order Green functions |

m Higher-order Green functions
— wnot derivable from thermodynamics

m one energy (mode) for each order

QV(El, E27 ceey El,; U)

= f% <InTrexp BZ ( 5,J JrAH('J)) >

hi=1 av
mode-coupling (local) term: AHD Zk, A(j)
® Matrix propagator (two energies)

a_l(kl,zl, k2722; U) = ao)_l + D— i

_ (Zl 7€(k1)7211(U) U*le(U) )
U—Zgl(U) 74 —E(kg)—z22(U)
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Disorder MFT  Now-local vertices ward Ldentities Asymptotic solution Results

Higher-order Green functions I

m Off-diagonal term — U proportional response is 2P GF G?»
m Local irreducible vertex from ward Ldentity

- (SZU(Zl, 22)
M2 22) =56 (o, )

UO_G&naaﬂl

(e =13
1+ [5(z) - VI G(z) 1+ [(z) - V] 6@) /.,

m Possible extension to non-local mode-coupling —- new vertices
(beyond mean fietd)
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Disorder

Nowolocal CPA vertex

B CPA 2P vertex — eh channel with ward identity for 2PIR vertex

)\(21, 22)

[ k k
(21, k1i 22, koi @) = 1—MNz1,2)xT (21,20, ko — ki)

two-particle bubble: x*(z1,2;q) = 1 >, G(k, z1)G(q £ k, )
m Local static scatterings do not distinguish between

electrons § holes
Keh(z1, 25) = K(z1, 25)

Parquet approach does not apply within CPA J

B CPA vertex does not cover all Leading d — oo contributions
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Disorder MFT  Now-local vertices ward identities Asymptotic solution Results

Nownolocal vertex — high-dimensional asymptotics

m Asymptotic vertex in high dimensions: contributions from three
chanwnels

(ki,z1, ko, 22, q) = A(z1, 22)
1 1
. { 1— Mz1, z2)x* (k2 — ki; 21, 22) * 1 — MNz1,2)x (ki + k2 +q; z1, 22)
5 1— Xz, 2)G(z)G(z)
ey [1— Xz, z)xT(a; zi, z)] 2
1—Nz1,2)G(z1)G(2) 1—XNz1,2)G(z1)G(z)

+

m Electron-hole § electron-electron vertex contributions
(distinguishable non-local parts)
B Greew terms unimportant — 1P self-corvection § local vertex

Correct 2P vertex tn d — 0o Llmit:
Expansion beyond Local approximation (CPA)
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Disorder Now-local vertices  Ward Ldentities Asywptotic solution

2P electron-hole symmetry - missing in CPA

m Charge § time reflection (bipartite Lattice)
G(k, z) = G(—k, z)

m Two-particle symmetry: Full vertex
N (24, 2-:9) = N (24,2 —Q) = T_w_k(z,2-; Q)
Q=q+k+k')

k' +q kK'+q

Bo@D-€:Eug

m (rreducible vertices: Symmetry transformation

/_\ii/(z+7z—;q) — /_\ﬁﬁ/(z+,z_; 7Q) = /_\ihk/—k(z-‘raz—; Q)
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Disorder MFT Non-local vertices ward Ldentities Asymptotic solution Results

Begowd CPA -- parquet decomposi’ciow

GC PA

n — relative propagator G = G— G;' ~ w.rt. CPA

Bethe-Salpeter equation (eh channel)

—eh
Mo (245 2-59) = Ngo (24, 2-: q)

1 —eh — —
TN ; Naer (21, 2-4) G (k") G- (k" + @)l (24, 2-: q)
Parquet decomposition of 2P vertex

—eh —ee
i (a) = Mo (@) + Ao (a) — Ziae (0)
New vertex functions irreducible only on distant sites

J°G.G_
1-7J9,.G_
Fully trreductble vertex non-locally

Ao (@) = Ao (@) + J°

J°G, G-
T (a) = T (a) + WJO
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Disorder MFT  Now-local vertices \Wa es  Asywptotic solution

Parquet equations with electron-hole symwmetry

m lrreductble vertices: Electron-hole symmetry tra nsformation
X . Teh ) Teh .
N (zp,z-q) = N (2, 2z —Q) = A (24, 2-; Q)

Q=q+k+k)
B Bethe-Salpeter equations into a single non-linear integral

equation:

_ 1 e _ _
M (a) =Z + N %: M (—a —k —k") G (k") G_(q+ k")
X [Kk,,k,(fq = k/ = k//) aF Kk”k’(q) 7 I]

® nput — Local full vertex from CPA
/\(21.22)
I=v(z1,2) = :
N202) = TG Ve 6m)

0P AS CR Prague, April 11
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Disorder MFT  Now-local vertices ward Loentities Asywmptotic solu

High-dimensional off-diagonal 1P § 2P functions

m Off-diagonal CPA propagator

d
—=(0) 1 dep(€) /°O "
G k, = — — d iuC+ + k
(k,2) 7= <(K) / . i A ue Vl_Ilexp{ \/acos }
m Off-diagonal two-particle bubble
X (21,22 q) Z G(k, z1) G(qtk, 22) / du/ dv e giv¢’

d
X exp{(uT—H;)} H exp{—% cosq,}
v=1

Viéclav janig 0P AS CR Prague, April 11



Disorder MFT Non-local vertices ward Ldentities Asymptotic solution Results

High-dimensional algebra of momentum convolutions

m High-dimensional simplification of momentum convolutions
(Leading order)

1 — ., &=
S X +a)Gu(a +K) =~ Gi(a k),
q’

1 . _ . Z_
m ; x(a+a)x(a +a;) = 5 X(a; — )

Z=(GI)(G2), (Gi) = N""Y, Gu(k)?

Asyweptotic form of vertex A in high
dimensions avatilable in Leading order
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Disorder MFT Now-local vertices ward identities Asymptotic solution R

Asymptotic vertex in high dimensions

m New reduced vertex

Y ZA""’

Kk’
with

szAkk/q+k+k Z/\

kk’

B Asywptotic parguet equation

A=ty Aoft)i?()q)

m Mean-field equation for the local 2 irreducible vertex

Xo(a)
No = 7+A°N271—/\0X0( )
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Disorder MFT  Now-local vertices ward Loentities Asywmptotic solu

1P propagators in the parquet approach

m Off-diagonal 17 (averaged) propagator
Gk, wy) = [os — e(k) — E(k, ws )] = G5PAwy)

wy =w+ +i0"
m Self energy (Lmagiwarg part)- from (static) waro Lolewtitg
(thermod yna mic cowsistewog)

1
Sx(k,wi) = D> Ak, wy k,w_ ik — kK)SG(K, wy)
k/
m Full self-energy - from analyticity
o0 / (xz k /
Tko)= [ g2 Eleet)

[ /
oo 2mi W =2z

n StubiLitg condition

/\eh(kv W, kv w—; q) > 0
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Disorder MFT  Now-Locs t ward identities Asywptotic solution

ward tdentities

m 1P § 2P (Green) functions not independent —-
(ward Ldentities) §
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Disorder MFT e ward identities As

ward tdentities

m 1P § 2P (green) functions not iwdepewalewt =
(ward identities) §

= veLLch{j idewti,tg = proloabiLf,tg conservation (no restriction)

[G(k, ) — G(k,z_)] = = Z*Z D(ze,2-;0)
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Disorder MFT  Nown-local vertices ward identities Asywmptotic solutiov

ward tdentities

m 1P § 2P (green) functions not iwdepewalewt =
(ward identities) §

= veLLchg idewti,tg = probabiLitg conservation (no restriction)

[G(k,Z_;,.)* G(k,Z_ — = Z+ Z kk/ Z-HZ— )

m Vollhardt-wilfle iolewtitg (cow’ciwuitg equation) (ko =k +q/2)

Sk, ze)-S(ko2-) = 1 3" Aelzr 230 [GKL 2,) — 6K, 2)
2

G® = GG+ NGG* G —- Bethe-Salpeter equation @e
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Disorder MFT  Now-local vertices ward identities Asywmptotic solution Results

unrestricted ward toentities -- consequences

m Formal definition of "quantum diffusion” D,p(q,w):

O—(Yﬁ(qaw) = 762Da/3(q7w) [X(qaw) - X(qa 0)]
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Disorder MFT  Now-local vertices ward identities Asywmptotic solution Results

unrestricted ward toentities -- consequences

m Formal definition of "quantum diffusion” D,p(q,w):

O—(Yﬁ(qaw) = 762Da/3(q7w) [X(qaw) - X(qa 0)]

m -- hydrodynamic regime: w — 0, q/w — 0
dE df(E) R on
— 2D / x — D
o(w) = e D(w) o SG(E)=e (w)<3u)r
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Disorder MFT  Now-local vertices ward identities Asywmptotic solution Results

unrestricted ward toentities -- consequences

m Formal definition of "quantum diffusion” D,p(q,w):

O—(Yﬁ(qaw) = 762Da/3(q7w) [X(qaw) - X(qa 0)]

m -- hydrodynamic regime: w — 0, q/w — 0
dE df(E) R on
— 2D / x — D
o(w) = e D(w) o SG(E)=e (w)<3u)r

m Electron-hole correlation function
(diffusive regime: g — 0, w/q — 0)

x(a,w) = x(q,0) + 7 “ (©FA(a,w) + 0(¢%)) + O(w)

OF (A, w) = 3 D Gige (EF + w, Er; q)
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Disorder

MFT  Now-local vertices ward identities Asywmptotic solution Results

unrestricted ward toentities -- consequences

m Formal definition of "quantum diffusion” D,p(q,w):

O—(Yﬁ(qaw) = 762Da/3(q7w) [X(qaw) - X(qa 0)]

-- hydrodynamic regime: w — 0, q/w — 0
dE df(E) on
_ 2 D / (\GR _ 2D ~
o(w) = € D(w) o (E) = &' D(w) o
m Electron-hole correlation function

(diffusive regime: g — 0, w/q — 0)

x(a,w) = x(q,0) + 7 “ (©FA(a,w) + 0(¢%)) + O(w)

OF (A, w) = 3 D Gige (EF + w, Er; q)

a Diffusion pole: ¢§f(q,w)%% J
—iw q
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Disorder MFT  Now-local vertices ward identities Asywptotic solution

AwaLgtithg vs. warad Lalcwti,tg (perturbati\/eLg)

m Vertex from awaLgtic'L’cg (stubiLz’.tg) —- second order

/\eh —

e
=+

m Self-energy - second order

/

! —— T 0

! \ 4 ] 4 !

' \ 4 1 4 '

| \ Y |

1 X / RN # '

eh __ / \
A=+ 0+ %X+ XX

' KN ' 7N i g
Y B G

1 A 1 A RN & )%

! / ) i /1 \ &

| 7 £y 1 7 A %, )L

' - ' e -— e
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Disorder MFT  Now-local vertices ward identities Asywmptotic solution Results

AwaLﬁtici’cg vs. warad Lalewtitg (wow—per’curbati\/e%)

AW(w) = &5 [ZR(k, E— w) — ZF(k, E+ w)]

m Specific difference:

m Representation via ward Ldentity (finite frequencies)

-1 . RA RA ~ R’
3 {2: [/\kk,(E+ w, E) — NEA(E— w, E)] 3IGR(K, E)

N kk’

A (E+w, B) [GE(E+w) ~ GE(E)] — ABO(E~w, B) [GE(E~w) — Gi ()] |

m Singular part (diffusion pole via eh sywmmetry emerges in Ae)
. 27‘(”/:/\
/\sm/g ,Z_, 0 =
w (24:2-,0) = e S A + Dk K)?

m Dimensional dependence

d/2
. l]i or d # 41,
AWS(w) = Kang x § © 1% f
1| w Dk; _
;‘Dik% |n’7’ fo}’d—4/.

0P AS CR Prague, April 11
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Disorder MFT  Now-local vertices ward identities Asymptotic solution Resul

Mean-field solution from high spatial dimensions

m Full vertex from high dimensional asymptotics

Aox(q) Nox(k + k' + q)
1—Nox(a) 1-—Aox(k+k' +aq)

rkk’( )_“/‘*‘/\0{

No=No/(1+ NG, G)
m General form of the low-energy electron-hole correlation function
27rnF/AE

dr(q,w) CA(E+w—+i0t E—i0t;q)n ———FE
£ (a, N2 Z e ( q) —iw+ D2/Acq?

kk’
m Weight of the lLow-energy singularity: 2mne/Ae

ONSA(E + w, E)

Ae =1+ 23GR(E) =

>1

w=0

m Bare diffusion constant

Y= — GGR /\/Z k)*SG(k, E)* >0

Viéclav janig 0P AS CR Prague, April 11
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Disorder MFT  Now-local vertic ward identities  Asymptotic solution =

Awnderson localization -- vanishing of diffusion

mfAg>1-- (w#0)
m (nereasing disorder strength (Ap — 00):
0
ne DE
=——=0, D=—-=0
"ET A T As

m Awndersow Localization transition: Ag = 0o

The number ng of extended states at the Fermi energy vanishes J

m Ovder parameter in the Localized phase
SNy = lim AR E+w,E)=¢2>0
w\0

& - localization Length

Electron-hole symmetry broken J @(-
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Disorder

CPA full Local vertex v and the vertex from parquet equations Ag
(=d biwarg alloy, sy mametrie case)

0.5

0.4

o 03
<

£
- 02

0.1
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Disorder

Awnderson Localization transttion

vertex function - metallic § localized phase

U=0.9, d=3
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Disorder MFT  Now-local vertices wa

Awnderson Localization transttion

Biwarg alloy n zd - sgmmetric distrtbution (c = 0.5)

6 T r .

-6 -3 0 3 6
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Disorder

Awnderson Localization transttion

‘Biwarg alloy n zd - asgmme’cric distrtbution (c = 0.2)

6 T r .

-6 -3 0 3 6
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Conelusions

conclustons |

Parquet approach -- many-body § general

L] App}LLc}abiLLt’g of?tz’rquet approach
- dLS’CLVb@IALSl’labLLH‘:g of electrons ana holes

m Dynamical or nonlocal scatterings

m (ntermediate coupling — a singularity in BS equations
(RPA pole)

m Simplification in the critical region - neglecting finite
fluctuations, keeping only critical ones

m Oone-particle seL{—cows'Lstewa%j — thermodyna wmic self-energ Y
(Linearized wWard 'wlewtitz‘)

B Possible LRO § symmetry breaking in strong coupling
(thermod yna mic cowsistewag neededl)
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Conelusions

Conclustons Il

Parquet approach -- disordered systems

m Parquet approach only to nonlocal vertices
— beyond mean field (cPA)

m Electron-hole symmetry on 2P Level Leads to
a single nonlinear tntegral equation

m Simplification in high spatial dimensions
- explicit asy mptotic solution

n - new solution for nonlocal Lrreducible
vertex; its phase as an order parameter

m ward Ldentities obeyed only tn the statie Limit w = 0

m Weight of the diffusion pole (density of extended states) decreases
to zero whew approaching ALT (ng/Ag — 0)

m No diffusion pole in the localized phase
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