
The Drude Theory of Metals 
‐ con4nued 



The density of “electron gas” >> classic gas    

Drude Model Assumptions: 

• Travel in straight line, ignore e-e interactions 
   (i.e., independent electron approximation) 
• Ignore electron-ion interactions 
   (i.e., free electron approximation) 
• Collision instantaneously alters the velocity of an electron 
• The relaxation time (mean free time) is independent of electron  
   position and velocity 
• Achieve thermal equilibrium only through collision 



DC electrical conductivity:  

€ 

σ =
ne2τ
m



Mean free path vs. mean free 4me  
                                   (relaxa4on 4me) 

laverage 

τaverage 

€ 

σ =
ne2τ
m

€ 

τ =
mσ
ne2

=
m
ρne2 10-14 – 10-15 sec 

€ 

lave = vaveτ ave

estimate 
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1
2
mvave

2 =
3
2
kBT

€ 

vave ~ 10
7cm / sec assuming 

€ 

lave : 1 to 10 Å Mean free path: 

Warning: this estimate is oversimplified 

(it is incorrect!) 





€ 

t→ t + dt
Collision Probability: dt/τ 


Non-collision Probability: 1-dt/τ  

Their momentum:  

€ 

p t( )+ f t( )dt

€ 

t + dt

€ 

p t + dt( ) = 1− dt
τ
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 
 p t( )+ f t( )dt( )

€ 

d p t( )
dt

= −
p t( )
τ

+ f t( )

Equa%on of Mo%on 

Force due to either  
electrical field or 
Magnetic field 



€ 

d p t( )
dt

= −
p t( )
τ

+ f t( )

-- The effect of individual electron collision is  
to introduce a damping term, f(t) 
into the equation of motion for the momentum 



AC Electrical Conduc4vity σ(ω)  

€ 

d p t( )
dt

= −
p t( )
τ

+ f t( )€ 

E t( )⇒ E ω( )e−iωt

€ 

p t( )⇒ p ω( )e−iωt

€ 

f t( ) = −eE(t)

€ 

J ω( ) = −nev ω( ) = −
nep ω( )
m

=
ne2

m
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τ( )− iω

E ω( )
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J ω( ) =σ ω( )E ω( )
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σ ω( ) =
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m
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1− iωτ
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σ ω( ) =
ne2τ

m
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1− iωτ

• Ignored magnetic field H generated by E 

• E is spatially uniform 

€ 

∇ •E = 0

Considering these two, we need to use Maxwell’s equations 

€ 

∇ •H = 0
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∇ ×E = −
1
c
∂H
∂t
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∇ ×H =
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c
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1
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⇒−∇ 2 E =
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i
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 
 E

Complex dielectric constant:  

€ 

ε ω( ) =1+
4πσ
ω

i
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σ ω( ) =
ne2τ

m
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1− iωτ
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ε ω( ) =1+
4πσ
ω

i

€ 

ε ω( ) =1−
ωp
2

ω2

€ 

ωτ >>1

Plasma frequency:  

€ 

ωplasma
2 =

4πne2

m



€ 

ε ω( ) =1−
ωp
2

ω2

€ 

ε ω( ) < 0 if  

€ 

ω <ωp

-- the system is too conductive.   
No radiation can propagate 

€ 

ε ω( ) > 0 if  

€ 

ω >ωp

-- Radiation can propagate 

€ 

ε ω( ) = 0 if  

€ 

ω =ωp

-- Plasma oscillation (plasmon) 

€ 

(1+
4πiσ ω( )

ω
= 0)



Drude Confirms Hall Effect 



Drude’s Approach 

€ 

d p t( )
dt

= −
p t( )
τ

+ f t( )

Fe=-eE 

€ 

FLorentz = −
e
c
v×H

€ 

f t( ) = −
e
c
v×H−eE
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d p t( )
dt

= −
p t( )
τ

+ f t( )

€ 

f t( ) = −
e
c
v×H−eE

Drude’s Approach 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d p t( )
dt

= −
p t( )
τ

−
e
c
v×H−eE
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d p t( )
dt

= 0Steady state 
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−
p t( )
τ

−
e
c
v×H−eE = 0



Drude’s Approach 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−eEx −
eH
mc
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 
 py −

px
τ

= 0

€ 

v =
p
m
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−
p t( )
τ

−
e
c
v×H−eE = 0

X-direction: 

€ 

−eEy +
eH
mc
 

 
 

 

 
 px −

py
τ

= 0y-direction: 

€ 

px = −
m
ne

jx

€ 

py = −
m
ne

jy

€ 

σ 0
DCEx = jx +ωcτjy

€ 

σ 0
DCEy = −ωcτjx + jy



Drude’s Approach 

Longitudinal resistivity (x-direction): 

€ 

ρx =
Ex
jx

=σ 0
DC

€ 

σ 0
DCEx = jx +ωcτjy

€ 

σ 0
DCEy = −ωcτjx + jy

€ 

jy = 0
€ 

ωc =
eH
mc

€ 

RH =
ρxy
H

= −
1
nec

Transverse resistivity (y-direction) 
=Hall resistivity: 

€ 

ρxy =
Ey
jx

= −
H
nec

Hall coefficient: 

(cyclotron frequency) 



Drude Confirms  
Empirical Law of Wiedemann + Franz 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κ
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3
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e
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2

= constant

€ 

κ = thermal−conductivity



Drude’s Approach 
Assumption: heat is carried by the conduction electrons 

x 

€ 

n
2

€ 

n
2

Number of carriers 

Thermal current 
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n
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Total thermal current 
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Drude’s Approach 

Total thermal current in x-direction 
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jx
Q = nvx
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Total thermal current in all directions: 
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v 2
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 −∇T( )
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cv = n dε
dT

⇒ jQ =
1
3
v2
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 τcv −∇T( )

Thermal conductivity: 
€ 

jQ =κ −∇T( )

€ 

κ =
1
3
v2τcv



Drude’s Approach 

Thermal conductivity: 

€ 

κ =
1
3
v2τcv
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κ
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cv =
3
2
nkB were used 
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1
2
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3
2
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κ
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=
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3
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 
2

= 2.44 ×10−8WΩK −2 = Lorenz − number

Correct Answer: 

€ 

cv ≠
3
2
nkB

€ 

1
2
mv2 ≠ 3

2
kBT

Drude’s calculation had incorrect cv 
and 1/2mv2: 


