
Electron Dynamics ‐ con1nued (2) 

‐‐ using the semiclassical model 

to calculate electrical and thermal 
conduc1on in metals 



€ 

f 0 εn k( )( ) =
1

e ε−µ( ) kBT +1

Recall: in the equilibrium case 

In the nonequilibrium case 

€ 

f r,k,t( ) =
1

e ε k( )−µ r( )( ) kBT r( ) +1

-- independent of r 



  

€ 

f r,k,t( ) = f r− vdt,k+eE dt ( )+
∂f
∂t
 

 
 

 

 
 
scattering

dt
€ 

t − dt→ t

€ 

r− v k( )dt -- r space 

  

€ 

k− (−e)E dt  -- k space 

Nonequilibrium case: H=0, E≠0 

  

€ 

∂f
∂t

+ v⋅∇ r f −
e

E ⋅∇ k f =

∂f
∂t
 

 
 

 

 
 
scattering

-- Boltzmann Equation 



Boltzmann Equation 

  

€ 

∂f
∂t

+ v⋅∇ r f −
e

E ⋅∇ k f =

∂f
∂t
 

 
 

 

 
 
scattering

-- represent the starting point for the treatment of transport problems 

Stationary state 

€ 

∂f
∂t

= 0

  

€ 

f k( ) ≅ f0 k( )+
e

τ k( )E⋅∇ k f0 k( )

Small        electric field 

  

€ 

f k( ) ≅ f0 k+
e

τ k( )E

 

 
 

 

 
 



Calculate: Thermal Conductivity  
in the nonequilibrium condition 

€ 

TdS = dU −µdNThermodynamics: 

€ 

T JS = Jε −µ JN

€ 

Jε = εn k( )vn k( )∫ fn k( ) d k
4π 3n

∑

€ 

JN = vn k( )∫ fn k( ) d k
4π 3n

∑



Thermal current: 

€ 

Jq = T JS = Jε −µ JN = εn k( )−µ( )vn k( )∫ fn k( ) d k
4π 3n

∑

From definition: 

€ 

Jq =κ −∇T( )

Thermal conductivity: 

€ 

κ =
1
T

−
∂f
∂ε

 

 
 

 

 
 εn k( )−µ( )

2
vn k( )vn k( )∫ τ ε k( )( ) d k4π 3n

∑

-- it is also a tensor 



€ 

κ =
1
T

−
∂f
∂ε

 

 
 

 

 
 εn k( )−µ( )

2
vn k( )vn k( )∫ τ ε k( )( ) d k4π 3n

∑

€ 

T →0

€ 

εF ≈ µ

€ 

κ ≈
π 2kB

2T
3e2

σ

  the thermal conductivity is a tensor - can be 
different in different direction ⇒ thermal 
anisotropy 

                         ⇒ Wiedemann-Franz law holds at   

€ 

κ
σT

≈
π 2kB

2

3e2

€ 

T →0



Example: thermal anisotropy 
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€ 

Ediffusion =
∇µ
e

The chemical potential gradient  
leads to a diffusion current (field) 

€ 

Ediffusion =Q∇TDefinition: 

€ 

Q = −
1
eT

−
∂f
∂ε

 

 
 

 

 
 εn k( )−µ( )vn k( )vn k( )∫ τ ε k( )( ) d k

4π 3n
∑

−
∂f
∂ε

 

 
 

 

 
 vn k( )vn k( )∫ τ ε k( )( ) d k

4π 3n
∑

µA 

µB 

Calculate: Thermoelectric Power 
in the nonequilibrium condition 



€ 

T →0

€ 

εF ≈ µ

€ 

Q ≈ −
π 2kB

2T
3e2

∂σ ε( )
∂ε

ε=ε F
σ

€ 

Q = −
1
eT

−
∂f
∂ε

 

 
 

 

 
 εn k( )−µ( )vn k( )vn k( )∫ τ ε k( )( ) d k

4π 3n
∑

−
∂f
∂ε

 

 
 

 

 
 vn k( )vn k( )∫ τ ε k( )( ) d k

4π 3n
∑



€ 

Q ≈ −
π 2kB

2T
3e2

∂σ ε( )
∂ε

ε=ε F
σ

Semiclassical model: 

€ 

Q ≈ −
kB
2e

Drude model: 

€ 

Q ≈ −
π 2kB

2T
6eεF

Sommerfeld model: 



Calculate: DC Electrical Conductivity  
in the nonequilibrium condition 

H=0, E is static      

€ 

J = −e v k( )∫ f k( ) d k
4π 3

=σ E

€ 

σ n = e2 vn
2 k( )∫ τ ε k( )( ) −∂f

∂ε

 

 
 

 

 
 
ε n k( )

d k
4π 3

€ 

σ = σ n∑

  

€ 

f k( ) ≅ f0 k( )+
e

τ k( )E⋅∇ k f0 k( )

  

€ 

∇ k f0 k( ) =∇ε f0 k( )v k( )



€ 

σ = e2 v2 k( )∫ τ ε k( )( ) −∂f
∂ε

 

 
 

 

 
 
ε k( )

d k
4π 3

€ 

σ xx = e2 v x
2 k( )∫ τ ε k( )( ) −∂f

∂ε

 

 
 

 

 
 
ε k( )

d k
4π 3

€ 

σ yy = e2 v y
2 k( )∫ τ ε k( )( ) −∂f

∂ε

 

 
 

 

 
 
ε k( )

d k
4π 3

€ 

σ zz = e2 v z
2 k( )∫ τ ε k( )( ) −∂f

∂ε

 

 
 

 

 
 
ε k( )

d k
4π 3

€ 

∂f
∂ε

≈ −δ ε −εF( )
  

€ 

d k = dSεdk⊥ = dSε
dε
v k( )

€ 

T →0

€ 

σ xx = e2
ε=ε F

v x
2 k( )
v k( )∫ τ ε k( )( ) dSε4π 3

… 



€ 

∂f
∂ε

≈ −δ ε −εF( )

€ 

dSε
ε F

∫ = 4πkF
2

€ 

T →0
€ 

σ xx = e2
ε=ε F

v x
2 k( )
v k( )∫ τ ε k( )( ) dSε4π 3

Sphere Fermi surface 

  

€ 

v εF( ) =
kF
m*

€ 

n =
kF
3

3π 2

€ 

σ =
e2τ εF( )
m* n

Drude Model 



Important Messages:  

€ 

∂f
∂ε

  the electrical conductivity is a tensor - can be 
different in different direction ⇒ electric anisotropy 

  the electrical conductivity depends on  
 ⇒ filled bands give no contribution  

   when v is independent with k ⇒ free-electron    
case (Drude form holds)  



Example: electrical anisotropy 
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€ 

σ =
e2τ εF( )
m* n

Temperature Dependence of 
Electrical Conductivity 

Recall:  

€ 

ρe− p =
AT 5

MΘD
6

x 5dx
ex −1( ) 1−e−x( )0

ΘD T

∫
Bloch-Grüneisen formula 

€ 

1
τ el− ph

= 2πk 2 P θ( )
FS
∫ 1− cosθ( ) sinθdθ

€ 

P θ( ) ∝
kBT
ΘD
2 -- scattering transition probability 

  

€ 

x =
ωD

kBT

Are there other contributions? 



Recall:  
In the Case of Free Electron Gas 

1.  Gas potential = Vion+ Velectron= 0 

2.  Electrons do not collide to each other - many-body 
     excitations are the sum of independent particle  
     excitations. 

3.  Well-defined Fermi surface.   



In Reality 

⇒   The energies of each one-electron level will be modified;


⇒   Electrons will be scattered 

      in and out of the single 

     electron level.


r 

V 

V ≠ 0 



Electron-Electron Collisions 
(Interactions) 

Electron 1 (momentum p1, energy ε1) 

Collision rate: 

'
2

'
121 pppp +=+

'
2

'
121 εεεε +=+

  

€ 

Γ =
1
τ e−e

=
2π


f Hint i
f
∑

2
δ ε f −εi( )

Electron 1 (momentum p2, energy ε2) 



In the excited states:  
Excitation spectrum remains qualitatively 
similar as in free Fermi gas but 
there is a shift in energies: 

(p,Ep) 

( )FF
FFp kk

m
k

m
p

−≈−=− *

2

2


εεε

Electrons are called quasi-electrons (or 
quasi-particles) with effective mass m* 

€ 

1
m* =

1
m

+
1
2

d k'

2π( )3
∫ k'

k '
δ k ' − kF( )



Quasi-particles: 

Fk εεε −=Energy: 

Relaxation time: 

  

€ 

1
τ e−e

=
2π


f Hint i
f
∑

2
δ ε f −εi( )

( )if
f

ijV εεδ
π

−= ∑
22



  

€ 

1
τ
~ π


V 2

εF
3 ε

2 ~ A 1


kBT( )2

εF



Consequences: 

( ) 22

*

π
ε

ε F
F

mg =  Density-of-states:  

( )∑ ↓↑ −−=
k

kkBspin nn δδµχ

  Pauli spin susceptibility:  

( )
a
F

F
g

B

0

2

1+
−=

εµ€ 

Cv =
π 2

3
kB
2Tg εF( ) = γT  Specific heat:  

  Electrical Resistivity:    

€ 

ρ =
m*

ne2
1
τ
∝T 2

(γ is called Sommerfeld coefficient or electronic specific heat coefficient)  



Example: Fermi-liquid Behavior 
Kadowaki-Woods ratio 

€ 

A
γ 2
~ 10−5

€ 

A
γ 2
~ 10−6 For non-interacting systems 

For strong-interacting systems 



Example:  
Non-Fermi-liquid Behavior 



Example:  
Fermi-Liquid--Non-Fermi-liquid 

Crossover 



Landau Fermi Liquid Theory: 

While the fundamental  
symmetries remain  
unbroken, there will  
be a one-to-one  
correspondence  
between new and  
old states – new  
states can be labeled  
by the same  
quantum numbers. 



Total Electrical Resis.vity in a Metal 

€ 

ρ = ρel−el + ρel− ph

€ 

ρ =

€ 

T >>ΘD

€ 

T <<ΘD

€ 

AT 2 +BT ~ BT

€ 

AT 2 +BT 5 ~ AT 2



Homework (due on 11/4/2010) 

1.  Cd2Re2O7 is a superconductor below 1.5 K.  We found that, at 2 K < T < 30 K,  
the electrical resistivity can be described as ρ=ρ0+AT2 with A = 0.024 µΩ cm/K2, and  
electronic specific heat coefficient γ = 30 mJ/mol-K2.  Discuss the electron-electron  
Interaction strength in this material. 


